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Abstract
A discretized version of canonical quantum gravity proposed by Loll is investi-
gated. After slightly modifying Loll’s discretized Hamiltonian constraint, we encode
its action on the spin network states in terms of combinatorial topological manipula-
tions of the lattice loops. Using this topological formulation we find new solutions to
the discretized Wheeler-Dewitt equation. These solutions have their support on the
connected set of plaquettes. We also show that these solutions are not normalizable
with respect to the induced heat-kernel measure on SL(2,C) gauge theories.
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As an approach to quantize gravity nonperturbatively, canonical quantization of gen-
eral relativity has been investigated for more than thirty years. In the conventional
metric formulation[1], we have not yet found any solutions for its basic equation, i.e. the
Wheeler-Dewitt (WD) equation[2] (or the Hamiltonian constraint). This had been one of
the serious obstructions against smooth progress in this approach for a long time. The
situation was drastically changed after the discovery of Ashtekar’s new canonical vari-
ables in 1986[3]. Ashtekar’s variables consist of the complex-valued SU(2) connection Aia
and the densitized triad E˜ia. Using these variables the Hamiltonian constraint takes the
simple form:
H = ǫijkF iabE˜
jaE˜kb, (1)
where F iab is the curvature of the connection A
i
a. The WD equation in terms of new
variables are therefore expected to have solutions. Indeed several types of solutions has
been constructed using Wilson loops defined on smooth loops with or without intersections
[4][5][6][7].
These solutions are, however, of little interest. Because they are already eliminated by
the operator ǫijk
∼
ǫabcE˜
jaE˜kb, naively we consider that they correspond to the states with
degenerate metric. This suggests that we have to search for the solutions on which the
action of the curvature plays an essential role. In terms of Wilson loops, multiplication by
the curvature is encoded by the action of the area derivative[8]. It is therefore important
to define the area derivative without any ambiguity. This seems to be a nontrivial problem
in the continuum approach.
In the lattice formulation, we can in principle express the area derivative by the op-
eration of inserting a plaquette to the lattice loop arguments. The lattice formulation
therefore deserves studying as a heuristic model of the continuum approach.
A discretized version of Ashtekar’s formalism was proposed by Loll[9]. This model is
defined on a 3 dimensional cubic lattice of size N. We will follow the notations in ref.[9]
and label lattice sites by n and three positive directions of links by aˆ. The connection Aia is
replaced by the link variables V (n, aˆ) which takes the value in SL(2,C) and the conjugate
momenta E˜ia is replaced by the left translation operator pi(n, aˆ). Their commutation
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relations are:
[V (n, aˆ), V (m, bˆ)] = 0, [pi(n, aˆ), V (m, bˆ)] = −
i
2
δn,mδaˆbˆ(τiV (m, bˆ)),
[pi(n, aˆ), pj(m, bˆ)] = iδn,mδaˆbˆǫijkpk(n, bˆ),
where τi equals to −i times of the Pauli matrices.
Among the three constraints in Ashtekar’s formalism[3], the Gauss’ law constraint is
solved by considering only the gauge-invariant functionals of link variables, namely, spin
network states [10][11][12]. The diffeomprhism constraint is formally solved by regarding
our lattice to be a purely topological object[9] (see also [13]). Thus we are left only with
the Hamiltonian constraint (1), whose discretized form proposed by Loll is:
HC(n) =
∑
aˆ<bˆ
ǫijkpi(n, aˆ)pj(n, bˆ)Tr(V (n, Paˆbˆ)τk), (2)
where V (n, Paˆbˆ) ≡ V (n, aˆ)V (n+ aˆ, bˆ)V (n+ bˆ, aˆ)
−1V (N, bˆ)−1 denotes a plaquette loop.
This definition obviously lacks symmetry; only positive directions emanating from the
site n are subject to the action ofHC(n). This is not desirable because there are privileged
directions in the world.
In order to provide symmetric forms of discretized Hamiltonian constraint, we first
introduce link variables in the negative direction V (n,−aˆ) ≡ V (n− aˆ, aˆ)−1 and the right
translation operator pi(n,−aˆ):
pi(n,−aˆ)V (n,−aˆ) = −
i
2
τiV (n,−aˆ), pi(n,−aˆ)V (n− aˆ, aˆ) =
i
2
V (n− aˆ, aˆ)τi. (3)
Naively considering, we think of two candidates for the symmetric discretized Hamiltonian
constraint. One is
HCI (n) =
∑
aˆ<bˆ
ǫijkTr(V˜ (n, aˆbˆ)τk)(pi(n, aˆ)− pi(n,−aˆ))(pj(n, bˆ)− pj(n,−bˆ)), (4)
where V˜ (n, aˆbˆ) ≡ 1
4
(V (n, Paˆbˆ) + V (n, Pbˆ,−aˆ) + V (n, P−aˆ,−bˆ) + V (n, P−bˆ,aˆ)). The other is
HCII(n) =
∑
aˆ<bˆ
∑
η1,η2=±
ǫijkTr(V (n, Pη1aˆ,η2 bˆ))pi(n, η1aˆ)pj(n, η2bˆ). (5)
Probably HCI is more preferable than H
C
II because the area derivative in the former is
uniformly expressed by the insertion of 1
2
(V˜ − V˜ −1). Indeed the result of the action of HCI
3
is identical, up to the overall factor, to the action of the continuum Hamiltonian under the
regularization used in ref.[7]. The WD equation using HCI therefore has solutions which
are the lattice analog of the solutions found in refs.[4][5][6][7], provided that the smooth
loops are replaced by straight Polyakov loops.
Our purpose is, however, to find out “nontrivial solutions” which becomes the solution
only after the area derivative is taken into account. To this end it is much easier to use
HCII , because the terms appearing in H
C
I is naively four times as many as those in H
C
II .
While HCII may bb less suitable to regularize the continuum theory, we expect that it will
provide some essential lessons concerning to the nontrivial solutions. For these reasons
we will henceforth deal only with HCII .
The action of the discretized Hamiltonian constraint can be computed by using only
the SL(2,C) algebra. The two identities are particularly useful:
τiτj = −δij + ǫijkτk, (τi)
B
A (τi)
D
C = δ
B
A δ
D
C − 2δ
D
A δ
B
C . (6)
As in the continuum case, the nonvanishing contributions are obtained only from the
series of link variables with kinks or intersections. Because the Hamiltonian constraint
involves second order derivative, it is convenient to separate its action as follows:
HCII(n) = H
C
II(n)1 +H
C
II(n)2, (7)
where HCII(n)1 is the sum of the action on the single series and H
C
II(n)2 is the sum of
the action on the pairs of series. The problem of evaluating the action of the discretized
Hamiltonian constraint HCII is thus reduced to that of calculating the action on all possible
types of kinks and intersections involving at most two series of links.
For example, the action on kinks is as follows (aˆ 6= bˆ):
HCII(n)1 · V (n− aˆ, aˆ)V (n, bˆ) = −
1
2
V (n− aˆ, aˆ)(V (n, P−aˆ,bˆ)− V (n, Pbˆ,−aˆ))V (n, bˆ),
HCII(n)2 ·
(
V (n− aˆ, aˆ)V (n, bˆ) ⊗ V (n− aˆ, aˆ)V (n, bˆ)
)
= 0. (8)
Topologically, the former action can be interpreted as taking the difference of two opera-
tions of inserting plaquettes with the opposite orientations. The action on the other types
of vertices can also be interpreted in terms of combinatorial topology. We will depict the
action on some typical vertices in figure1, where the bold lines stand for the series of
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Figure 1: Action of HCII on some typical vertices
link variables. Once we express the action of HCII in terms of combinatorial topology, the
orientation of the curve is irrelevant because of the symmetry of HCII .
A merit of this topological formulation is that we can visualize the action of the
Hamiltonian constraint. It is expected that we can fully exploit this merit in finding
solutions to the WD equation1.
As an exercise we will provide a set of the simplest “nontrivial solutions” on which
1 A weakness of the topological formulation is that we have to work with the overcomplete basis of
wavefunctions. In this respect, it would be better to describe the action of the Hamiltonian constraint in
terms solely of spin network states, which are known to form a complete basis[11][14]. In the spin network
description, however, we have to deal with tedious linear combinations consisting of considerably many
spin network states. This description is not considered to be suitable for the visual search of solutions,
while it may be useful for computer analysis.
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the contribution of area derivative is essential. We first consider the action on the trace
of the l-th power of the plaquette Tr(V (n, Paˆbˆ)
l). This is calculated by using eq.(8)
HCII(n) · Tr(V (n, Paˆbˆ)
l) =
l
2
(
Tr(V (n, Paˆbˆ)
l+1)− Tr(V (n, Paˆbˆ)
l−1)
)
. (9)
This seems to imply the following equation
HCII(n) ·
∞∑
k=1
−2
2k + 1
Tr(V (n, Paˆbˆ)
2k+1) = 2. (10)
While the issue of the convergence remains, this can be resolved by exploiting the idea of
analytic continuation. More explicitly we consider as follows. First we reinterpret eq.(9)
as
HCII(n) · TrF (V (n, Paˆbˆ)) = Tr
[
V (n, Paˆbˆ)
2 − 1
2
d
dV
F (V (n, Paˆbˆ))
]
, (11)
where F denotes an arbitrary polynomial. We can readily extend this equation to the
case where F is a function which can be expressed by a Laurent series. Thus we find
HCII(n) · Tr log
(
1− V (n, Paˆbˆ)
1 + V (n, Paˆbˆ)
)
= 2. (12)
The power series expansion of the expression on the l.h.s yields the l.h.s of eq.(10). As
for the action of HCII(m) with m 6= n, the following can be said. When m coincides with
one of the vertices of the plaquette Paˆbˆ, the result is identical to eq.(12) owing to the
symmetry of HCII . When m does not coincide, on the other hand, the action necessarily
vanishes. Putting these results together, we find
HCII(m) · Tr log
(
1− V (n, Paˆbˆ)
1 + V (n, Paˆbˆ)
)
=
{
2 for m = n, n+ aˆ, n+ bˆ, n+ aˆ + bˆ,
0 for m 6= n, n+ aˆ, n+ bˆ, n+ aˆ + bˆ.
(13)
Now we can provide the prescription for constructing “multi-plaquette solutions” on which
the action of the area derivative is essential: i) prepare a connected set of plaquettes {P}in
which each vertex belongs to at least two plaquettes; ii) assign to each plaquette P a weight
factor w(P ) so that the sum of weight factors of the plaquettes which meet at each vertex
vanishes; iii) the following expression yields a solution
< A|{w(P )} >≡
∑
P∈{P}
w(P )Tr log
(
1− V (P )
1 + V (P )
)
. (14)
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Figure 2: Two simplest assignments of weight factors.
The two simplest assignments of the weights {w(P )} are shown in figure 2. Because the
product < A|{w(P )} >< A|{w(P ′)} > is also a solution if the sets {P} and {P ′} are
disconnected, we found a considerably large number of solutions to the discretized WD
equation (5)2.
One may wonder whether or not these solutions are normalizable with respect to an
appropriate inner product. To investigate this problem, it is convenient to translate the
result into spin network states. In the present case, they are nothing but symmetrized
traces
TrS(V (P )k) ≡ V (P ) B1(A1 · · ·V (P )
Bk
Ak)
.
The action of HCII on these states are calculated as
HCII(n)TrS(V (n, Paˆbˆ)
k) =
k
2
S(V (n, Paˆbˆ)
k+1)−
k + 2
2
S(V (n, Paˆbˆ)
k−1)
Thus, to obtain multi-plaquette solutions < A|{w(P )} >S in the spin network represen-
tation,we have only to replace log(1−V
1+V
) in eq.(14) by
< A|P >S≡
∞∑
m=0
1
(2m+ 3)(2m+ 1)
TrS(V (P )2m+1). (15)
2 We can construct a set of solutions to (2) by a similar procedure. However, the analogous prescription
cannot apply to eq.(4). From this we expect that the continuum limit of < A|{w(P )} > are not solutions
to the continuum WD equation, at least in a naive regularization.
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Let us now investigate the normalizability of multi-plaquette solutions. We first look
into the induced Haar measure[11][15] regarding our model as a sort of SU(2) gauge theory.
Owing to the consistency property of the induced Haar measure and the orthogonality of
the spin network states with different numbers of link variables, we have only to investigate
the norm of a one-plaquette state (15)(which is not a solution)
‖ < A|P >S ‖H =
∫
dµH(V (P ))| < A|P >S |
2,
where dµH is the Haar measure on SU(2). We estimate this norm as follows. Using bi-
SU(2) invariance of dµH : dµH(gV h) = dµH(V ) with V, g, h ∈ SU(2), and the fundamental
identity ǫACV BA V
D
C = ǫ
BD, the integration by the Haar measure is determined uniquely∫
dµH(V )
2n∏
i=1
V BiAi =
1
2n(n + 1)!n!
∑
σ∈P2n
n∏
k=1
ǫAσ2k−1Aσ2k ǫ
Bσ2k−1Bσ2k , (16)
where P2n is the group of permutations of 2n entries. The integration of
∏2n+1
i=1 V
Bi
Ai
vanishes identically. From this equation we find∫
dµH(V )TrS(V n)TrS(V
m) = δnm, (17)
where the bar denotes the complex conjugate. The desired norm is calculated from
eqs.(15) (17). The result is
‖ < A|P >S ‖H =
∞∑
m=0
1
(2m+ 3)2(2m+ 1)2
<∞, (18)
i.e. the multi-plaquette solutions are normalizable w.r.t. the induced Haar measure.
Next we look into the induced heat-kernel measure dνt[16][17] on SL(2,C) gauge
theories. Because dνt is also bi-SU(2) invariant and possesses the consistency property,
we can show that the spin network states with different numbers of link variables are
orthonormal w.r.t. dνt, in particular∫
dνt(V )TrS(V n)TrS(V
m) = C(n)δnm. (19)
There seems to be no algebraic principle which determines the constant factor C(n). Using
some facts on the coherent-state transform Ct : L
2(SU(2), dµH) → L
2(SL(2,C), dνt)
H
(Theorem 2 and eq.(30) of ref.[17]), however, we can exactly estimate the constant factor
C(n) = e
n(n+2)
4
t. (20)
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As a result, the one-plaquette states are not normalizable w.r.t. the induced heat-kernel
measure dνt:∫
dνt(V (P ))| < A|P >S |
2 =
∞∑
m=0
e
n(n+2)
4
t
(2m+ 3)2(2m+ 1)2
→∞. (21)
We should note that the multi-plaquette solutions do not correspond to “geometrody-
namical states” with nondegenerate metric. This is because the volume operators[18][19]
have vanishing eigenvalues on these solutions. In order to construct geometrodynamical
solutions with nonvanishing volume, we have to consider the lattice-loop states which have
three dimensional vertex of at least four-valent on almost every site. This is a highly non-
trivial task and left to the future investigation. We saw, however, that the the action of
the Hamiltonian constraint on a multi-plaquette solution completely cancels only when we
consider an infinite number of terms. This seems to be the origin of non-normalizability
of the multi-plaquette solutions w.r.t. the induced heat-kernel measure. We anticipate
that this “cancelation of the action of the Hamiltonian constraint by an infinite number
of terms” is a common feature of the nontrivial solutions involving geometrodynamical
solutions. We therefore conjecture that the geometrodynamical solutions are, if any, not
normalizable w.r.t. the induced heat-kernel measure on SL(2,C) while they may be nor-
malizable w.r.t. the induced Haar measure on SU(2). But this should not be taken so
seriously, because there still remains a gauge degree of freedom generated by the Hamil-
tonian constraint and because the induced heat kernel measure is thought to be a kind of
“kinematical inner product” which does not take account of this guage symmetry3. It is
often the case that the physical states are not normalisable w.r.t. these kinematical inner
products. The problem is then to find a genuine physical inner product which makes the
physical states normalizable and which implements the reality conditions[3].
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